We discuss the existence, stability and classical thermodynamics of four-dimensional, spherically symmetric black hole solutions of the Einstein equations with a conformally coupled scalar field. We review the solutions existing in the literature with zero, positive and negative cosmological constant. We also outline new results on the thermodynamics of these black holes when the cosmological constant is non-zero.
Introduction
Black holes with a conformally coupled scalar field were first studied thirty years ago, when Bekenstein [1, 2] rediscovered an exact solution of the Einstein equations previously found by Bocharova et al [3] but unknown in the West. Although the much simpler case of a minimally coupled scalar field has been widely studied in the literature over the intervening years (see, for example, [4] for a review), interest in the conformally coupled case has been revived only comparatively recently (for example, with the theorems of Saa [5, 6] ). Moreover, developments (particularly in string theory and higher-dimensional "brane world" models) over the past few years have reignited relativists' interest in models with a cosmological constant (both positive and negative), and in the last couple of years new black hole solutions of the Einstein equations for the conformally coupled scalar field system with a non-zero cosmological constant have been found [7, 8] .
As well as reviewing these developments, our other purpose in this note is to begin a study of the thermodynamics of these black holes. The presence of the non-minimal coupling of the scalar field to the space-time curvature complicates the thermodynamics, particularly the entropy [9] .
The outline of this paper is as follows. In section 2 we introduce our model of a four-dimensional black hole with a conformally coupled scalar field. We also discuss a transformation due to Maeda [10] , which converts this system to a much simpler model of gravity with a minimally coupled scalar field. Next, in section 3, we discuss the solutions of the field equations representing spherically symmetric black holes, considering the cases of zero, positive and negative cosmological constant separately. This involves reviewing the known solutions of Bekenstein [1, 2] , Bocharova et al [3] and Martinez et al [7] as well as recent solutions in anti-de Sitter space found by the author [8] . In addition to the linear stability properties of these solutions, we also comment on uniqueness/non-existence theorems existing in the literature. The thermodynamics of these solutions is the subject of section 4, reviewing work by Zaslavskii [11] on the zero cosmological constant case, and also outlining new work [12] when the cosmological constant is non-zero. Our conclusions are presented in section 5.
The Model
We start with the following action, which describes a self-interacting scalar field φ conformally coupled to gravity:
Here R is the Ricci scalar, Λ the cosmological constant, V (φ) the scalar field self-interaction potential and (∇φ) 2 = ∇ µ φ∇ µ φ. The metric has signature (− + ++) and we use units in which = c = 8πG = k B = 1. Variation of the action (1) gives the field equations
Taking the trace of the Einstein equation (2) and using the scalar field equation (3) to substitute for ∇ µ ∇ µ φ, the Ricci scalar takes the form:
Here we are concerned with four-dimensional, spherically symmetric black holes in which the metric takes the form
where
and we assume that the scalar field φ depends only on the radial co-ordinate r. The field equations then take the form (a prime ′ denotes d/dr):
The conformal coupling of the scalar field to the geometry means that the field equations (5) are considerably more complex than the corresponding equations for a minimally coupled scalar field. Numerical integration of (5) can be simplified by first eliminating the Ricci scalar from the scalar field equation using (4) and then using the scalar field equation to eliminate φ ′′ from the Einstein equations. Here we are interested in black hole solutions of the field equations, with a regular, non-extremal, event horizon at some value of the radial co-ordinate, r = r h . At r = r h , the metric function N(r) will have a simple zero, and we assume that all the field variables have Taylor expansions about this point. If the cosmological constant is positive, there will also be a regular cosmological horizon at a distinct value of r = r c , where again N has a simple zero. If Λ is zero or negative, there will be no zeros of N for r larger than r h . We also assume that the scalar field tends to a constant limit as r → ∞, sufficiently quickly that the metric approaches flat Minkowski, de Sitter or anti-de Sitter space as Λ is zero, positive or negative respectively. The boundary conditions in anti-de Sitter space are discussed in more detail in [8] ; however, the consequences of the behaviour at infinity for defining the mass and other conserved quantities are rather complex, and we will shall not go into this further here.
If we assume that φ 2 = 1/6 everywhere, then the system described by the action (1) can be subject to a conformal transformation [10] :
Under this transformation, the action (1) becomes that of a minimally coupled scalar field:
where a bar denotes quantities calculated using the transformed metric (6); the new scalar field Φ is defined as [10] :
and the transformed potential U(Φ) takes the form [8] :
The transformed metric (6) will also be spherically symmetric, and we define a new radial co-ordinater by:r
so that (6) takes the form
The great advantage of using the conformal transformation (6) is that the field equations derived from the new action (8) take the much simpler form:
The relations (12) ensure that the horizon structure of the geometry is maintained after the conformal transformation, and, for the solutions we find using this transformation in section 3.3, this is true also for the behaviour at infinity. One has to be careful in making use of the conformal transformation to ensure that in fact it is valid everywhere (i.e. the conformal factor Ω (7) does not vanish). In reference [9] , it is argued that the vanishing of Ω at a single point is not catastrophic for having a well-defined theory; however it is imperative that Ω must not vanish on an open set.
Classical Black Hole Solutions
In this section we discuss the existence and stability of black hole solutions of the field equations (2-3), considering zero, positive and negative cosmological constant in turn.
Λ = 0
For zero cosmological constant, there is a famous solution of the field equations (2-3) due to Bocharova et al [3] and discovered independently by Bekenstein [1, 2] , known as the BBMB black hole [13] . In this case the scalar field self-interaction potential vanishes, and the metric and scalar field functions take the form:
The solution (14) represents a neutral black hole, although it is possible to couple the geometry also to an electromagnetic field [1, 2] . The metric (14) is that of an extremal Reissner-Nordström black hole, even when there is no electromagnetic field. The inclusion of the scalar field does not introduce any additional parameters into the solution of the field equation, so there are no extra degrees of freedom and the "hair" of the scalar field is sparse. The BBMB solution has also been controversial because the scalar field diverges at the event horizon, where r = M. Sudarsky and Zannias [14] have argued that this makes the solution unphysical, although Bekenstein [2] maintains that a particle coupled to the scalar field would experience nothing pathological at the event horizon, where, it must be stressed, the geometry is perfectly regular. Both the neutral and charged BBMB black holes have been shown to be unstable [15] . The thermodynamical properties of the BBMB black holes will be discussed in section 4.1.
In the 1990's Xanthopoulos and Zannias [16] proved that the BBMB black hole is the unique static, asymptotically flat, solution of the Einstein equations with a conformally coupled scalar field and zero potential. For more general potentials, no non-trivial solutions are known, and it is unlikely that any exist. However, there is at present no complete proof of this statement. A very general paper by Bekenstein and Mayo [17] proves that there can be no charged solutions; however, their proof does not extend to neutral black holes with a conformally coupled scalar field (although they do rule out solutions for some other non-minimal scalar field couplings). There are related results by Saa [5, 6] , which rely on fairly strong conditions on the scalar field; these essentially mean that the conformal transformation (6) is valid everywhere so that the conformally coupled system can be studied via the minimally coupled system (13), which is much easier to work with, and for which there are general no-hair theorems (see, for example, [18] - [22] ). Of course, this leaves open the question of whether there are solutions for which φ 2 = 6 for some value of r, although there is comprehensive numerical evidence that this cannot happen, at least for zero potential [23] .
Λ > 0
For a positive cosmological constant, a very simple proof (following [18] ) suffices to show that there are no non-trivial black hole solutions if the potential is either zero or represents a massive scalar field with no additional self-interaction:
where µ is the mass of the scalar field. The proof can be applied directly to the conformally coupled system, without needing to transform to the minimally coupled system [8] . Take the scalar field equation (5), substitute for the Ricci scalar from (4), and the potential (15), multiply both sides of the equation by φr 2 e δ and then integrate from the black hole event horizon r = r h to the cosmological horizon r = r c :
where we have integrated by parts to yield the boundary term. If we assume that the event and cosmological horizons are regular and the scalar field is also regular there, then the boundary term vanishes. The integrand in (16) is then manifestly positive definite, and the only possibility is that φ, φ ′ ≡ 0, giving the Schwarzschild-de Sitter black hole. The assumption that the scalar field is regular on the horizons means that this method does not apply to the BBMB solution.
The above proof does not readily extend to more general potentials. For a quartic potential
where α is a coupling constant, there is a non-trivial solution due to Martinez et al [7] , which we shall refer to as the MTZ black hole. This solution is the analogue of the BBMB black hole in the presence of a positive cosmological constant. The neutral black hole solution exists only for α = −Λ/36 and has metric and scalar field functions
Like the BBMB solution, there are also charged MTZ black holes, which exist for all values of α less than −Λ/36. The metric for these is the same as that above (17), but the scalar field in this case is given by
where the charge Q of the black hole is related to the mass M by
It should be emphasized that the charge Q is not equal to the mass M as might be expected from looking at the metric (17) . Indeed, the metric has the form of ReissnerNordström-de Sitter space even when there is no electromagnetic field and therefore no charge present.
The geometry of the MTZ black holes has a non-extremal event horizon and a cosmological horizon. However, if M > 3/16Λ or Λ < 0, the metric (17) represents a naked singularity. Unlike the BBMB black hole, the scalar field (17) is regular on both horizons, and has a pole which lies inside the event horizon. This means that the solution cannot immediately be ruled out as "unphysical", but, like the BBMB black hole, the scalar field does not really introduce additional "hair" as there are no new parameters involved. In section 4.2 we shall discuss the thermodynamic properties of the MTZ black holes.
The stability of these black holes under linear, spherically symmetric perturbations was studied in [24] . Standard techniques are used to write the field equations as a single equation for a perturbation Ψ, which is related to the perturbation of the scalar field δφ by:
δφ, giving the perturbation equation in the standard Schrödinger form
where x * is the usual "tortoise" co-ordinate defined by
U is the perturbation potential, whose form can be found explicitly in [24] ; and σ 2 is the eigenvalue, such that the equilibrium configurations are unstable if there are bound state solutions of (20) with σ 2 < 0. For all the neutral MTZ black holes, the perturbation potential U has the form shown in figure 1 , with a negative double pole at some value of r between the event and cosmological horizons. Standard results in quantum mechanics can then be used to deduce that there are unstable bound state solutions of (20) with σ 2 < 0 for this type of potential, so that all the neutral MTZ black holes are unstable.
The situation for the charged black holes is more complex. The parameter space for the charged black holes can be divided into two regions, as shown in figure 2. For black holes corresponding to points lying inside the region ℜ in figure 2 , which makes up most of the parameter space, the perturbation potential U has the form shown in figure  1 , and the same techniques as applied to the neutral MTZ black holes can be used to show that these charged black holes are also unstable. For black holes corresponding to points outside ℜ, the potential does not possess a pole and numerical techniques have to be used. However, for all the configurations tested, the black holes were found to be unstable (see [24] for details). The parameter space of the charged MTZ black holes. For black holes corresponding to points inside the region ℜ, the perturbation potential has the form shown in figure 1 , and analytic techniques suffice to show that the black holes are unstable. For black holes corresponding to points outside the region ℜ, numerical techniques can be employed to show instability [24] . the presence of a positive cosmological constant, it is known that non-trivial solutions exist, for example, for the Higgs-like potential [25] , and it may well be that analogues of these solutions exist for conformally coupled scalar fields. However, one may conjecture that such solutions, like the MTZ black holes and those with a minimally coupled scalar field [25] , would be unstable.
Λ < 0
The proof employed in the previous subsection to show that there are no non-trivial solutions when Λ > 0 for simple potentials (15) can easily be seen to fail when the cosmological constant is negative. At least for µ 2 < −2Λ/3, it is no longer the case that the integrand in (16) is positive definite (furthermore, it can be shown in this case that the boundary term in (16) also does not vanish). This leaves open the possibility of nontrivial solutions in this case. Such solutions were found numerically in [8] and discussed in detail in that work. Here we simply present a brief summary of the main features.
Firstly, analysis of the conformally coupled scalar field equations (5) reveals that the scalar field is divergent at infinity if µ 2 > −2Λ/3; therefore we shall consider only values of µ 2 less than −2Λ/3 (including the case µ 2 = 0). The numerical solutions are generated using the conformal transformation (6) as the minimally coupled scalar field equations (13) are easier to implement than the conformally coupled scalar field equations (5) . With the form of the self-interaction potential (15) , the transformed potential U(Φ) (10) takes the form The field equations (13) are then integrated with this potential from the event horizon r =r h out to larger. Solutions are found for a continuum of values of Φ at the event horizon, with possibly an upper bound on the modulus of Φ at the event horizon. The minimally coupled scalar field Φ and corresponding metric functionsN andδ are then transformed back to the conformally coupled scalar field φ and original metric variables N and δ, using (9) and the relations
taking into account the change in the radial variable (11) . Typical solutions are shown in figure 3 , where we plot the conformally coupled scalar field φ for the particular values Λ = −0.1,r h = 1, Φ(r h ) = 1, and three values of the mass: µ 2 = 0, µ 2 = −Λ/3 and µ 2 = −Λ/2. Similar results were found for other values of the parameters and initial conditions. In each case we find that the scalar field monotonically decreases from its value on the event horizon and decays to zero at infinity. The rate of decay is slower for larger mass, and in each case the scalar field has no zeros. The thermodynamic properties of these solutions are discussed in section 4.3.
Various properties of these solutions are discussed in [8] , including a linear stability analysis under spherically symmetric perturbations. The stability analysis proceeds sim- figure 3 . The independent variable isr, defined by (11) . The potential is everywhere positive, from which it can be deduced that these solutions are linearly stable. Note that in each case the potential U vanishes at the event horizon because we have divided by a factor ofN.
ilarly to that for the MTZ black holes in section 3.2, except that for at least some of the solutions, the perturbation potential U in the perturbation equation (20) is everywhere positive (see figure 4) . From the form of the potential in figure 4 , it can be deduced that these solutions are linearly stable.
It remains to be investigated whether similar solutions exist for different scalar field potentials, but we do not anticipate such solutions to be fundamentally different from those exhibited here. A more interesting open question is whether there exist solutions which are not conformally related to solutions of the minimally coupled scalar field equations, presumably because φ 2 = 6 at some point so that the conformal transformation (6) is not valid everywhere.
Thermodynamics
Having reviewed the existence and stability of hairy black hole solutions of the Einstein equations with a conformally coupled scalar field, we now turn to the other topic in the talk, namely their thermodynamic properties. The presence of the conformally coupled scalar field means that the thermodynamics of these black holes differs from standard black hole thermodynamics, even when, as in the case of the BBMB (14) and MTZ (17) black holes, the geometry is actually that of a conventional black hole.
The temperature of the black holes is unaffected by the conformally coupled scalar field, however, and given by the usual Hawking formula:
On the other hand, the entropy of the black hole is no longer given by the usual area formula, but acquires a multiplicative factor due to the conformally coupled scalar field:
There are a number of ways of deriving this result. Firstly, there is the approach due to Iyer and Wald [26] , where the entropy of a black hole in a theory with a very general action is derived using a Noether current approach to the first law. This method gives the entropy to be:
where the integration is performed over the bifurcation two-sphere of the event horizon Σ, with binormal ǫ µν , and E µναβ is the functional derivative of the Lagrangian L of the theory with respect to R µναβ , treated as a variable independent of the metric g µν . Applying this formula to our action (1) gives the entropy (22) . The entropy (22) has also been rederived recently using the isolated horizons approach to deriving the first law [9] . Furthermore, if the conformal transformation (6) is valid, it is clear that the entropy of the black hole in the minimally coupled scalar field system should simply be one quarter the area of the event horizon. However, because we need to change the radial co-ordinate in this transformation (11) , this entropy is in fact equal to (22) in terms of quantities in the original, conformally coupled system. Assuming that the corresponding black holes in the two systems have the same entropy (since they are different descriptions of the same thing) gives the formula (22) for the entropy of the black hole with a conformally coupled scalar field.
In this section we will calculate the temperature and entropy for the various black hole solutions discussed in section 3, taking the cases Λ zero, positive and negative in turn.
Thermodynamics of the BBMB Black Hole
Since it is an extremal black hole, the BBMB solution (14) has zero Hawking temperature (21) . However, the scalar field diverges at the event horizon and so its entropy (22) is formally infinite. The thermodynamics of this black hole, along with others with zero temperature and infinite entropy, has been studied in some detail by Zaslavskii [11] . It was found that for black holes with infinite horizon area (arising, for example, in BransDicke theory) it is possible to place an additional inner boundary on the event horizon of the black hole in the usual Euclidean action approach and thereby derive a finite, welldefined value of the black hole entropy. However, this technique failed to give a sensible answer for the BBMB black hole and Zaslavskii concluded that the BBMB black hole is not an object with a conventional thermodynamic interpretation. It remains to be seen whether there is an alternative approach to black hole thermodynamics (such as that of [27] ) which leads to a consistent interpretation of the BBMB black hole.
Thermodynamics of the MTZ Black Hole
The thermodynamics of the MTZ black holes discussed in section 3.2 is particularly interesting. Here we will calculate temperature and entropy for both the neutral and charged MTZ black holes and comment on their properties. More detailed thermodynamic properties of the MTZ black holes will be described elsewhere [12] .
The MTZ black holes have a metric which is identical to that of a special case of Reissner-Nordström-de Sitter, which has been studied by Mellor and Moss [28, 29] . The metric has two horizons, an event horizon and a cosmological horizon, but they have the same temperature in this special case, given by
where l 2 = 3/Λ. The entropy however, is rather more complicated and we need to consider the neutral and charged MTZ black holes separately.
Firstly, we consider the neutral black holes. In this case the entropy of the event horizon (which we denote by S h ) is negative, whereas that of the cosmological horizon (S c ) is positive, given by
The total entropy of these black holes, constructed by simply adding the entropies of the event and cosmological horizons, is therefore zero, even though the temperature is nonzero and finite. This may indicate some form of thermodynamic instability, in addition to the classical instability discussed in section 3.2. The conformally coupled scalar field therefore has a considerable effect on the entropy, as can be seen in figure 5 . In graph (a) we plot the entropy S c of the cosmological horizon for the neutral MTZ black holes compared with the entropies of the event horizon (S+) and cosmological horizon (S++) of the Reissner-Nordström-de Sitter black hole with the same metric but no scalar field. The direct proportionality between cosmological horizon entropy and temperature for the MTZ black holes is readily apparent. In graph (b) the same entropies are plotted against the mass M of the black hole, showing how the cosmological horizon entropies decrease as the mass of the black hole increases, whereas normally entropy increases as black hole mass increases. The temperature also decreases as mass increases from (23) . The entropy of the event horizon in Reissner-Nordström-de Sitter space does increase as mass increases, but even so the total entropy still decreases as mass increases.
Secondly, we turn to the charged MTZ black holes, where the situation is rather more complicated. The two horizons still have the same temperature because the metric is unchanged, but the fact that the scalar field φ has a different form (18) alters the entropy and the event and cosmological horizons no longer have the same entropy. Instead they are given by
Figure 5: Graphs of (a) temperature against cosmological horizon entropy and (b) cosmological horizon entropy against mass for the neutral MTZ black holes, compared with the entropies of the event (S+) and cosmological (S++) horizons for Reissner-Nordström-de Sitter (RNdS) with the same metric but no scalar field.
